Yosun Chang

Section: __                                                                                                             TA: __


MATLAB HOMEWORK 3
	Exercise 4.1

	


	(a) The equation y'(t) = r*y(t) is separable.  (It will be easier to see if you rewrite it as dy/dt = r*y.)  Verify that the general solution is y(t) = A*exp(rt).


	


	(b)  Now suppose t measures time in intervals of 5 years, and t = 0 corresponds to the year 2000, i.e. when t = 2 we are 10 years from 2000, that is, we are at 2010.  And when t = -3, we are 15 years before the year 2000, that is in the year 1985.  Thus y(0) = 6.09 and y(1) = 6.46.  We can use this data to find the values of A and r.  To do that we observe that y(0) = A = 6.09, and y(1) = 6.46 = A*exp(r) = 6.09*exp(r). 

Thus r = log (6.46 / 6.09).  Use MATLAB to evaluate this expression.  Simply type in:

>> r = log(6.46/6.09) 

Include the input and output in your Word document.

>> r = log(6.46/6.09) 

r =

    0.0590


	Exercise 4.2

	


	(a) Just as in the example above, use our model to find the population in years 1995, 2005, 2025. Compute the error relative to the values in the table.

Population values

>> P(-1)
ans =

    5.7412

>> P(1)
ans =

    6.4600

>> P(5)
ans =

    8.1789

ERROR in %

>> (P(-1)-5.69)/5.69*100

ans =

    0.8997

>> (P(1)-6.46)/6.46*100

ans =

     0

>> (P(5)-7.91)/7.91*100

ans =

    3.3991
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	(b) Now do the same to predict the population in years 2045, 2050.  Compute the error relative to the values in the table.  What can you conclude about the effectiveness of our model?  When does it seem to work well, and when does it seem to break up?  Include the input and the output in your Word document.

POPULATION VALUES

>> P(9)

ans =

   10.3551

>> P(10)

ans =

   10.9842

ERROR in %

>> (P(9)-8.91)/8.91*100

ans =

   16.2189

>> (P(10)-9.08)/9.08*100

ans =

   20.9717

From the fact that the error seems to increase with increasing t, it seems that the model breaks up for large values of t. 


	Exercise 4.3

	


	(a)  Let's plot the solution we obtained in the previous exercise for 0 ≤ t ≤ 40.  Remember that when t = 40 we are 200 years from 2000.  You'll need to enter the following commands: 

>> fplot (P, [0, 40])
>> grid on 

From the graph, estimate the population for t = 40.  Copy the graph into your write up.

It looks like the population is roughly 65 billion for t=40. 




	


	(b) The kind of growth exhibited by the solutions to this differential equation is called exponential growth.  As you may have seen before, things that grow exponentially do so very rapidly.  Explain why our present model may not be the best model for the world's population in the long run.  (This is not really a mathematical question.)

As with the idea of the rabbits and the snakes (the predator-prey relation on a population), populations tend to have a limiting value due to finite resources, predator-attacks—essentially, death. The environment might not be able to carry such a large population, and as a result the population would be limited at an upper bound value, and the population would stay perhaps at an equilibrium if certain conditions are met. 


	Exercise 4.4

	


	(a) What happens to the rate of change if we use values of y that are very close to M?  What if we use very large values of y, i.e., values of y much larger than M?  Will the population be increasing, decreasing, or staying about the same in each of these cases?

If we use values of y very close to M then, the ratio y/M approaches 1, and thus 
y’=ky(1-y/M) ~ 0, and the rate of change dy/dt approaches 0. The population will be very slowly increasing, assuming y<M, but if y>M, the population will be slowly decreasing. For example, suppose M=1, and we choose y~0.99, then y’=0.99k/100, which is a very small growth. (But, if y~1.01, it would be a small decline.)
If we use y>>M>>1, then y’ ~ - k y^2/M. 
For example, if y=100, M=1, then y’ ~ 100k(1-100) = -9900k, which is a very big change! In this case, it’s a huge decrease. 

	


 INCLUDEPICTURE "http://www.math.ucsd.edu/~math20d/img/keyboard.gif" \* MERGEFORMATINET 


	(b) Enter the Verhulst equation into DFIELD.  (Be careful about placing parentheses and *, the multiplication sign.)  Leave the independent variable as t.  Assign the values k = 1 and M = 10 as parameters and adjust the display window to the ranges 0 < t < 10 and 0 < y < 15.  Assume that we start with 2 billion people and graph the corresponding solution curve.  Do the same with 8, 10 and 12 billion people.  (For these cases, you will need to enter the initial conditions manually.  Remember you will need to go to Options -> Keyboard Input, and then enter your initial conditions.)  Copy the display window figure to your Word document.


the y(0)= 2 billion takes the longest time to approach equilibrium at 10 billion;
y(0)=10 stays flat at equilibrium. y(0)=8 and y(0)=12 approach equilibrium. at about the same time, although one arrives at equilibrium from top (12 billion), and one from bottom (8 billion).

	


	(c) What happens to the population in the long run if we start with fewer than 10 billion people?  More than 10 billion?  Exactly 10 billion?  The constant M is called the carrying capacity of the population.  Explain why you think it has such a name.

If we start with less than 10 billion, the population will approach M, which is 10 billion in this case. If we start with more than 10 billion, the population will dwindle to M, which is 10 billion in this case. If we start with exactly 10 billion, the population will stay at M=10billion. 

The carrying capacity is a fitting name because it’s the limiting value the population approaches. It is also a zero of f(y)=dy/dt, which defines an equilibrium. 

	


	(d) Recall that in Exercise 4.3(b) you explained why our previous model was insufficient to model population.  Does the Verhulst model fix the problem you identified with our previous model?  Why or why not?

The Velhulst model fixes the problem of exponential increase in the earlier naïve model P(t) by setting a “carrying capacity” value M, so that if we start with any value greater than 0, we’ll approach the carrying capacity M. It’s also clever enough so that if the initial value is 0, the population stays at 0 forever—this embodies the common sense idea that if there are no members of a population, then the population will stay at 0 through all time. 


	Exercise 4.5

	


	(a) The equation y' = (k/M)y(M - y) is separable.  By solving this equation, verify that the solution is y(t) = M / (1 + B exp(-kt) ).  What is the limit of y as the time goes to infinity?
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	(b)  It can be shown that:



where y0 = y(0), y1 = y(1) and y2 = y(2).  (You do not have to work it out, since the algebra may get a little long).  Let us just compute the numerical value of M.  We will need to enter the following commands in MATLAB:

>> y0 = 6.09 

>> y1 = 6.46 

>> y2 = 6.84 

>> M = (2*y0*y1*y2-y1^2*y0-y1^2*y2)/(y2*y0-y1^2) 

Include your MATLAB commands along with the output in your write up.  According to this model, what is the carrying capacity of the world population?  

>> y0 = 6.09 

y0 =

    6.0900

>> y1 = 6.46 

y1 =

    6.4600

>> y2 = 6.84 

y2 =

    6.8400

>> M = (2*y0*y1*y2-y1^2*y0-y1^2*y2)/(y2*y0-y1^2) 

M =

   18.4110

>>

The carrying capacity is 18.4 billion. (Kinda large, if you’d ask me…)
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	(c)  Noting from (a) that 6.09 = y(0) = M / (1 + B), find the value of B.  Also show that



and evaluate it numerically using MATLAB.  (Hint: Plug in t = 1 into the solution in part (a) and solve for k)

>> B=M/6.09-1

B =

    2.0232

>> -log((M-y1)/(B*y1))

ans =

    0.0895

Include your input and output in the final write up.  For future use, make sure these constants are stored in MATLAB.


	Exercise 4.6
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	(a)  Just as we did before for our first model, let us now define the function V which will tell us the population at time t according to the Verhulst model.  First, make sure your constants B, M, and k are already defined in MATLAB from the above exercise!  Now enter the following commands:

>> V = 'M/(1 + B*exp(-k*t))' 

>> V = subs(V)
>> V = inline(char(V)) 

Don't be alarmed if your output looks complicated.  It's supposed to. 

Please don't forget to include your input and output in the write up.

The above function subs doesn’t work on MATLAB6, but this function is universal: 

>> V=inline('18.4110/(1+2.0232*exp(-0.0895*t))')

V =

     Inline function:

     V(t) = 18.4110/(1+2.0232*exp(-0.0895*t))
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	(b) Using the inline function V you defined, compute the population in the years 1995, 2005, 2025.  Compute the error relative to the values in the table.  Copy and paste your commands along with the output in your Word document.  Which model seems to give better results for these years?

>> V(-1)

ans =

    5.7308

>> V(1)

ans =

    6.4600

>> V(5)

ans =

    8.0282
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	(c)  Repeat the previous question for years 2045, 2050.
























